Abstract -The formation of electrostatic shocks in a super-dense plasma composed of relativistically degenerate electrons and fully ionized ions is theoretically investigated. We find analytic solutions in the form of simple waves and derive expressions for shock speeds in limiting cases. The theory has applications to large-amplitude acoustic waves excited in white dwarf stars due to dramatic events such as collision with other astrophysical bodies or supernova explosions.
Introduction. -White dwarf stars are examples of matter under extreme conditions [1] [2] [3] [4] . They constitute the end product of collapsed stars, where the thermal pressure no longer can sustain the gravitational force. They evolve from extremely hot early stages where the energy loss is mainly due to neutrino fluxes, to cooler stages dominated by photon radiation. The core of white dwarfs typically consists of fully ionized helium, carbon and oxygen with an outer shell of hydrogen. One of the most intriguing quantum phenomena is the structure of white dwarf stars, which couples the degeneracy of electrons due to the Pauli exclusion principle and Heisenberg's uncertainty principle to the stability of the white dwarf star on macroscopic scales via the balance between gravitational pull and the degeneracy pressure of the electrons. When the Fermi energy of the electrons becomes comparable to or higher than the electron rest energy, relativistic effects come into play and the equation of state changes from P ∼ n 5/3 to P ∼ n 4/3 , which makes the white dwarf star gravitationally unstable for masses larger than about 1.4 solar masses [1] [2] [3] [4] [5] [6] .
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The observation of white dwarf stars is mainly due to their electromagnetic radiation, which reveals their physical properties and dynamics [7] . There are about two hundred observations of pulsating white dwarf stars so far. The pulsation period typically falls in the range from 2 to 35 minutes and can be attributed to nonradial gravity (g-mode) oscillation modes. The observations and theory of these pulsations is now well established, and the discipline of white-dwarf asteroseismology is used to study their rotation period, mass, equation of state, etc. [8, 9] . In addition to the gravity waves, the theory also predicts the existence of acoustic modes (p-modes) where the ions provide the inertia and mainly the electron degeneracy pressure provides the restoring force. Typical oscillation periods of globally propagating p-modes is set by the time for the wave to travel across the star and lies in the range of a few seconds, two orders of magnitude shorter than g-mode oscillations. These modes were early predicted [10] , but are yet to be observed [11] .
The lack of observations does not necessarily mean that the p-mode oscillations are not excited, but since the p-mode wave acts primarily in the vertical direction, the huge gravity may lead to an associated vertical motion that is below the detection limit. On the other hand, detectable, large-amplitude acoustic waves could be excited in extreme events, such as supernova explosions at the outer shells of the star or during collisions between the white dwarf with other astrophysical bodies. When the amplitudes of the oscillations are large, nonlinear effects must be taken into account. The nonlinearities can lead to self-steepening and shock formation, similar to hydrodynamic shocks in gases and plasmas. Our aim here is to present a simple theory for the self-steepening and shock formation of the matter in the interior of white dwarf stars and derive expressions for the nonlinear wave and shock speeds for varying degrees of relativistic electron degeneracy.
Mathematical model. -The dynamic model for the fully ionized ions (e.g., carbon or oxygen) is governed by the continuity equation
and the momentum equation
where Z i is the charge state of the nondegenerate ions.
In the interior of the white dwarf stars, the ions are fully ionized due to pressure ionization, and hence Z i equals the number of protons in the ion nucleus. It should be noted that for most ions, like helium, carbon and oxygen, there is an almost equal amount of neutrons and protons in the nucleus, where the neutrons and protons have approximately equal mass, so that the ratio Z i /m i ≈ 1/(2m p ), where m p is the proton mass. The exception is hydrogen in the outer shell of the star which only has a proton in the nucleus and hence Z i /m i = 1/m p . On the other hand, it is believed that more neutron-rich iron exists in the center of the white dwarf stars, with Z i /m i < 1/(2m p ). We here consider oscillation spatial scales much smaller than the size of the star, and therefore the gravitational force directed downwards is cancelled exactly by an upward directed electrostatic force on the ions. For large-scale global modes, the variability of the density and gravity must be taken into account. Furthermore, eq. (2) is valid as long as the wave period is much larger than the time scale for the ion correlations as well as the work frequency is much larger than the damping rate caused by the ion fluid shear viscosity [12] [13] [14] . The degenerate electrons can be considered inertialess and are governed by the force balance equation
where the relativistic electron degeneracy pressure P e is given by [1] [2] [3] [4] 
where m e is the electron mass, c the speed of light in vacuum, and h Planck's constant. We have denoted
where
is the momentum of the fastest electrons in the electron distribution function (at the Fermi surface). It is convenient to combine eqs. (5) and (6) to have
where we introduced the scaled Compton length
The value of ξ determines the relativistic effects. When the mean inter-electron distance n −1/3 e is much smaller than the Compton length, so that ξ 1, then the pressure is in the ultra-relativistic regime. On the other hand, for ξ 1, the pressure equals the non-relativistic electron degeneracy pressure.
Using the quasi-neutrality condition, viz. Z i n i = n e ≡ n, in eq. (1), and eq. (3) to eliminate E in eq. (2), we have the continuity equation
Here the prime denotes differentiation with respect to n, and
is the relativistic gamma factor for the electrons on the Fermi surface, v F e = (3π 2 n 0 ) 1/3 /m e is the nonrelativistic expression for the electron Fermi speed, = h/2π the reduced Planck's constant, and n 0 is the equilibrium electron number density where the plasma is at rest. The nonrelativistic Fermi speed does not correspond to the real speed of the electrons in the relativistic case, but is introduced for convenience. In the ultra-relativistic limit λ 2 C n 2/3 0 1, we in fact also have v F e > c. We note that using eq. (11) into eq. (10) yields
while using eq. (11) 
We note that the density fluctuations are directly associated with an electrostatic potential φ, which is obtained by using E = −∂φ/∂x in eq. (14) . After integration in space we have
The electrostatic potential glues the ion fluid to the degenerate electrons and keeps the plasma quasi-neutral. In order to find the nonlinear wave speeds, we diagonalize the system of equations (9) and (10) . We therefore write them in the matrix form as
Denoting the square matrix in the left-hand side by A, the nonlinear ion acoustic wave speed is found from the eigenvalues u of A, or
where I denotes the unit matrix. Solving for u, we have the solutions
Using the methods from linear algebra, we construct a diagonalizing matrix C where the columns are the eigenvectors of A. The eigenvectors X ± are found from the solutions of the equation (A − u ± I)X ± = 0, from which we have the diagonalizing matrix
and its inverse
ZiP e (n) mi
We now multiply eq. (16) from the left by C −1 and use
to obtain the new, diagonalized system of equations
where the new unknowns are
1 2n
In general, ψ + denotes a wave propagating in the positive x-direction and ψ − a wave propagating in the opposite direction. Simple wave solutions are found by setting either ψ + or ψ − to zero. Setting ψ − to zero, we find
and the nonlinear wave speed is
and the unknown
Since ψ + depends on n only, the chain rule can be used in the time and space derivatives in eq. (22) to obtain (after eliminating the common factor ψ + (n))
The linear ion acoustic speed C s is obtained by setting n = n 0 in eq. (26). We then have, using eq. (11) for P e (n),
0 . For the nonlinear case, eq. (28) has the formal solution n = N 0 [x − u(n)t], where N 0 is a function of one argument determined by the initial condition for n at t = 0. This solution is valid only as long as n is differentiable. Due to the nonlinear wave speed, the solution can self-steepen and develop discontinuities, or shocks, after a finite time, even if the initial condition is smooth. Due to the conservation of mass and momentum, the shock speed is given by the Rankine-Hugoniot condition
where n L and n R are the values of n on the left and right side of the shock, respectively, and
u dn is the flux function. Below, we will use n R = n 0 and n L > n 0 , i.e. the high density shock is propagating into the equilibrium matter. In the small amplitude limit, n L → n R = n 0 , the shock speed equals the linear ion acoustic speed C s .
The nonlinear wave speed can for the general case only be expressed in terms of special functions or evaluated numerically. However, for the limiting nonrelativistic and ultrarelativistic cases, simple expressions can be derived. In the nonrelativistic limit λ 2 C n 2/3 0 1, we have γ = 1 and
and we can readily carry out the integral in eq. (26) to obtain the nonlinear wave speed
For this case we obtain from eq. (30) the shock speed
On the other hand, in the ultra-relativistic limit λ 2 C n 2/3 0 1, we have γ = λ C n 1/3 , and
For this case, we obtain the nonlinear wave speed
and the shock speed
Let us compare the linear and nonlinear wave speeds for parameters that are representative of nonrelativistic and ultra-relativistic degenerate electrons. We consider fully ionized ions so that Z i /m i = 1/(2m p ). For a nonrelativistically large density n 0 = 10 34 m −3 , we have the linear wave speed C s = 7.3 × 10 5 m/s, while for a four orders of magnitude larger, ultra-relativistically large density n 0 = 10 38 m −3 , the linear wave speed increases by one order of magnitude to C s = 6.7 × 10 6 m/s. We note that the linear wave speed is proportional to n 1/3 0 in the nonrelativistic case and to n 1/6 0 in the ultra-relativistic case. Next, we consider the nonlinear wave propagation, where the wave amplitudes n and n L of the density are taken to be twice that of the ambient value n 0 . For the nonrelativistic case, we then have a nonlinear wave speed u = 1.49 × 10 6 m/s, and a shock speed v shock = 1.14 × 10 6 m/s. As expected, the shock speed is larger than the linear wave speed, but somewhat smaller than the nonlinear wave speed. For the ultra-relativistic case, we have the nonlinear wave speed u = 1.25 × 10 7 m/s, and the shock speed v shock = 1.0 × 10 7 m/s. Hence, for both the nonrelativistic and ultra-relativistic cases, the nonlinear wave speeds are significantly increased for larger amplitudes of the nonlinear waves and shocks.
Conclusions. -We have here presented a theory for the self-steepening and shock formation of the super-compressed matter in white dwarf stars. For large-amplitude acoustic-like waves, the ions provide the inertia and the electron degeneracy pressure provides the restoring force. We have found simple wave solutions that reveal the nonlinear wave speed of the shocks, and simplified expressions are derived in the limiting cases of nonrelativistic and ultra-relativistic electron degeneracy. The theory presented here could be used as building blocks for global nonlinear models of white dwarf stars, where the inhomogeneity of the density and gravitational field must be taken into account. The theory could have relevance for acoustic waves following dramatic events, such as collisions between white dwarf stars and other astrophysical bodies as well as for supernova explosions [15, 16] . Finally, the present investigation can be readily generalized to include an ambient magnetic field, in which we have the possibility of magnetosonic solitons [17] and shocks [18] in dense plasma. * * * This research was supported by the Deutsche Forschungsgemeinschaft (DFG), Bonn, through the project SH21/3-2 of the Research Unit 1048.
